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WEIGHTED COMPOSITION OPERATORS 
FROM F(p,q,s ) TO BLOCH TYPE SPACES 
ON THE UNIT BALL 

ZEHUA ZHOU* * AND RENYU CHEN 

Abstract. Let </>(z) = (</>i(z), • • • , (t> n (z )) be a holomorphic self¬ 
map of B and f)(z) a holomorphic function on B , where B is the 
unit ball of C”. Let 0 < p, s < +oo, — n — 1 < q < +oo, q + s > —1 
and a > 0, this paper gives some necessary and sufficient conditions 
for the weighted composition operator induced by tfi and if to 
be bounded or compact between the space F(p, q , s) and a-Bloch 
space j3 a . 


1. Introduction 


Let dv be the Lebesegue measure on the unit ball B of C n normalized 
so that v(B) = 1, and da be the normalized rotation invariant measure 
on the boundary dB of B so that a(dB) = 1. H(B) is the class of all 
holomorphic functions on B. 

For a e B, let g(z,a ) = log \Lp a {z)\~ l be the Green’s function on B 
with logarithmic singularity at a, where (p a is the Mobius transforma¬ 
tion of B with <^ a (0) = a, (p a (a) = 0, ip a = . 

Let 0 < p, s < +oo, — n — 1 < q < +oo and q + s > —1. We say 
/ G F(p, q, s ) provided that / G H(B) and 


( 1 . 1 ) 


\\f\\F(p,q,s) = |/(0)| + {sup / \Vf(z)\ p (l - \z\ 2 ) q g s (z,a)dv(z)}l < +oo 


a£B J B 


where 
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For the case s = 0, we say that / belongs to the space F(p, q , 0), if 

\\f\\F(p,q,0) = |/(0)| + | J ^ |V/(*)| P (l - \z\ 2 ) q dv{z)^ < +00. 

The corresponding ”Little-oh” space F 0 (p, q, s) will be dehned as 
follows: / belongs to F 0 (p, q, s ), if 

Ijm / \Vf(z)ni - \z\ 2 ) q g s (z, a)dv(z) = 0. 

For convenience, we also dehne F 0 (p,q, 0) = F(p,q, 0). 

For a > 0, / is said to be in the Bloch space /3 a provided that 
/ G H(B) and 

(!-2) ||/||/3“ = |/(0)| + sup(l - |z| 2 ) a |V/(*)| < +cx). 

z£B 

As we all know, (3 a is a Banach space when a > 1. The spaces [3 1 
and /3“(0 < a < 1) are just the Bloch space and the Lipschitz spaces 
Li_q, respectively. From YaOuy we know that a holomorphic function 
/ G (3 a if and only if sup^ eB (l — \z\ 2 ) a \Rf(z)\ < +oo, where 

(1.3) Rf(z) :=< Vf(z), z >= 

Furthermore, by the Norm Equivalent Theorem we have 

(1.4) ||/||/ 3 “ « |/(0)| + sup(l - |z| 2 )“|i2/(z)|, 

z£B 

where M zz N means the two quantities M and N are comparable, 
that is there exist two positive constants Ci and Co such that CiM < 
N < C 2 M. 

If p > 1, F(p, q, s ) is a Banach space and it can be many function 
spaces if we take some specific parameters of p, g, and s. For example, 

v q+n+1 

F(p,q,s ) = j3 — when s > n\ F(2,0,s) = Q S1 F( 2,0,1) = BMOA. 
It also includes Bergman spaces L p a = E(p,p, 0) for 1 < p < oo, Besove 
space B p = F(p,p — n — 1, 0) for n < p < +oo, Dirichlet space D q = 
F(2, q, 0) for — 1 < q < oo, Hardy space H 2 = F(2, 1,0). For the 
dehnition of the spaces described above, we refer the reader to see 
[ Zhu2 . Zliao . 

Let 4>(z) = (0i(^), • • • ,(ft n (z)) be a holomorphic self-map of B and 
'il’(z) a holomorphic function on B , the composition operator C</> in¬ 
duced by 0 is dehned by 


(<V)(*)=/M*)); 
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the multiplication operator induced by 0 if defined by 


M^f(z) = 0 ( 0 / 0 ); 

and the weighted composition operator induced by 0 and 0 is 

dehned by 

{W^f)(z) = 1>(z)f(<j>{z)) 

for z G B and / G H(B). If let 0 = 1, then = C0; if let 0 = id, 
then bbi /,,0 = M^. So we can regard weighted composition operator as a 
generalization of a multiplication operator and a composition operator. 
These operators are linear. 

Despite the simplicity of the definition of or C0 it is not un¬ 
common for solutions of problems involving this type of operator to 
require profound and interesting analytical machinery; moreover, the 
study of composition operators has arguably become a major driving 
force in the development of modern complex analysis. The lucent texts 
C'o.Mac . Shad . jZhull Zlin'i . and conference proceedings collection 
K 'o.TaMacPI are good sources for information about many of the de¬ 
velopments in the theory of composition operators up to the middle of 
the last decade. 

In the recent years, there have been many papers focused on study¬ 
ing the composition operator in function spaces (say, for 1 -dimensional 
case, cf. jCloMac] |Madj [MadMatj jC 'oHerj |Alfj ). more recently, [CSZ], 
ShiLuol . ZliSlii 1 . ZhSlii' 2 - . [ ZKo discuss the composition operator in 
the Bloch space on the unit polydisk. From those, they get some suffi¬ 
cient and necessary conditions for composition operator to be bounded 
or compact. 

In this paper, our goal is to provide a theoretical characterization 
of when 0 and 0 induce a bounded or compact weighted composition 
operators from F{jp, q , s) to a-Bloch space (3 a . Of course, if let 0 = 1, 
it contains the results about composition operator; if let 0 = id, it 
also contains the results about multiplication operator. As some corol¬ 
laries, we also give some results between Bloch type space in the unit 
ball. These results generalize previously known one-variable results ob¬ 
tained by K. Madigan/A. Matheson [MadMatlj and K. Madigan (Madl . 
respectively. 

As far as the boundedness of 110,^ is concerned, we can have the 
following result: 


Theorem 1.1. For 0 < p, s < +oo, — n— 1 < q < +oo, q + s > —1, a > 
0 , (j> be a holomorphic self-map of B, and 0 a holomorphic function on 
B. Then the weighted composition operator 110^ : F(p,q,s) —> (3 a is 
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bounded if and only if 
(1.5) 


P | , |2 .2±^±i i (l-|lo| 2 )|«| 2 + |<Ui,tl>| 2 J 

r-n. — l'nl (1— \(p(w)\ z ) P ^ J 


< +oo 


uGC n -{0} 


and 

( 1 . 6 ) 


sup G g±n±i (d>(uj))\\/'f>(uj)\(l — \oo\ 2 ) a < +oo, 

uj&B p 


where Jf is the Jabocian of <f>, and 


(1.7) Gn± i±a (u) 

P 


1, 

log 


2 

1-| oj | 2 ’ 

n+l + q ^ 

1 \ P 


1 —IojI- 


0 < ^±2 < 1 
, P 

n+l+q _ i 
P ~ ’ 

n+l+q ^ 

P 


On the other hand, the compactness of is much more compli¬ 
cated than the case of boundedness. The result varies sharply by the 
choosen of the real numbers p and q. 


Theorem 1.2. For 0 < p, s < +oo, — n — 1 < q < +oo, q + s > —1, and 
a > 0, (f be a holomorphic self-map of B, if a holomorphic function 
on B. If q+n p +1 G (0,1), then : F(p, q, s) —> /3 a is compact if arid 
only if W^p $ is bounded and 
( 1 . 8 ) 

sup 


i^hi 


(1-M 2 )° 


q+n +1 

(i-|<M«5l 2 ) v 


(l-\<j>{w)\ 2 )\J (j ,(w)u\ 2 +\<<t>(w)P ( j > (w)u>\‘ 2 
(1 —|ui| 2 )|m| 2 +|<id,u>| 2 


«eC n -{o} 
when </>(u) —■► dB. 

Theorem 1.3. If q+n p +1 > 1, then : F(p,q,s 

and only if W,p ^ is bounded and 

(1.9) 


0 


/3° is compact if 


sup \rf(uj)\ - tj+t+t 

uG C n -{o} (i-|4>MI 2 ) p 


(l-\<l>(w)\ 2 )\J < f > (w)u\ 2 +\<(p(w),J < i > (w)u>\ 2 
(1 —|ui| 2 )|u| 2 + |<?d,w>| 2 


(1.10) G q+n+i ((J)(uj))\W'iHuj)\(l - |cu| 2 )" -> 0 

when <t>(ou) —> dB. 

Latter, in Lemma 2.1, Lemma 2.5, and Lemma 2.7, we will show 

n-hl+g 

that F(p, q, s ) is just (3 p when s > n, therefore by the theorems 
above, we get 
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Corollary 1.4. Let cp = (0i, • • • , (P n ) be a holomorphic self-map of B 
and ip a holomorphic function of B,p > 0, q > 0, then : /3 P —> (3 q 
is bounded if and only if 
( 1 . 11 ) 

sup \4>(u)\ 

ueC" —{0} 

UJ(zBn 

and 

(1.12) sup Gp((f)((jj))\Vip(u))\(l — \tu\ 2 ) q < +oo. 




(1—|</>(ui)| 2 ) p 


(1— \w\ 2 )\u\ 2 +\<w ,u>\ 2 


< +CX) 


Corollary 1.5. Let (p = (0i, • • • , (p n ) be a holomorphic self-map of 
B and 'ip(z) a holomorphic function of B, 0 < p < 1 ,q > 0, then 
: (3 P - (d q is compact if and only if is bounded and 

(1.13) 


„. m \ I ( ,M (l-lwl 2 ) 9 f (l-|0(w)| 2 )lJj,(w)M| 2 +|<0(w),J^(w)«>| 

It V / I (1 — \(f)(w)\2) p I (~\ 


«eC n -{o} 


(1—|uj| 2 )|'u| 2 + |<u!,'u>| 2 


when (p( uj) —> dB. 


Corollary 1.6. Let (p = (cpi, ■ ■ ■ ,(p n ) be a holomorphic self-map of B 
and ip(z) a holomorphic function of B,p > 1, q > 0, then W ^ : [3 P —> 
f3 q is compact if and only if ^ is bounded and 

(1.14) 


sup 

ugC"-{0} 


(l-|m| 2 ) r ' \ (l—\<t)(w)\ 2 )\J ( t,(w)u\ 2 + \<<f>(w),J c l > (w)u>\ 2 f 2 

(1— \<t>(w)\ 2 )‘ p 1 (1—|'U)| 2 )|'u| 2 + |<tt!,'U>| 2 J 


(i.i5) G p (<f>(u)) |w>HI(i - \io\y - o 

when <p(ou) —> dB. 

The organization of this paper is as follows: We give some Lemmas 
in Section 2, and prove Theorem 1.1, Theorem 1.2 and Theorem 1.3 of 
this paper in Section 3, 4 and 5, respectively. 


2. Some Lemmas 

In the following, we will use the symbol c or C to denote a finite 
positive number which does not depend on variables z,a,u and may 
depend on some norms and parameters p , q , n, a, x, f etc, not necessar¬ 
ily the same at each occurrence. 

In order to prove the main result, we will give some Lemmas first. 



6 


Z.H.ZHOU AND R.Y. CHEN 


Lemma 2.1. If 0 < p, s < +oo, — n — 1 < q < +oo, q + s > —1, then 

ra+1 -\-q 

F(p,q,s ) C / 3 p and 3c > 0 s.t. for'if G F(p,q,s ), || f || n+i+ q < 
C I|/II-E(p,5,s)- 


Proof. This lemma has been given by [Zhaj , but for the convenience of 
the reader, we will still give the proof here. 

Suppose / G F(p,q,s). Fixed 0 < r 0 < 1, since (Rf) o ip a G H(B ), 
so | (Rf) o ip a \ p is subharmonic in B. That is 

\Rf(a )\p = | (Rf) o ip a ( 0 )\ p f rgB | (Rf) o <p a (cj) | p dv(u) 

= / roB \(Rf)\ P J^Si^m dv(z). 

From (5) in ||ZhuOuy|, we have 


( 2 . 1 ) 


r 0 


1 + T o 

as z G ip a (r 0 B). Thus 
( 2 . 2 ) 


(1 - |«| 2 ) < (1 - \z\ 2 ) < 


(1 

— 

\a\ 

2^n+l 

1— < z, a > \ 

2 n +2 ^ _ 


\ 2 ) q g s (z,a) 


< 


1 + r 0 
1 - r 0 


4"+i 


(i-M 2 ) 


:^)Wio g -i. 

1 - r 0 r 0 


From m and (£ 21 ), we get 

\Rf(a)\ p < ^ f MroB) \Rf(z)\ p ^l^n+i Mz) 

= ^J MroB) \Rf(z)\ P (l ~ \z\ 2 ) q g S (z, a) 1 1 - <2 , a> |2 1 nj2[l^2) gg .( gi0) ^(g) 


< 4’ 1+1 r 0 - n _/ 1+rp \ \q\ l og -s ±_ 

— (1 — |a| 2 ) n + 1 +‘? v 1— ro ' o ro 

n+l+q 

This shows that / G (3 p and 


p 

E(p, 9 ,s)‘ 

p n+ l +q — c II/II- f (p.9^)- 


□ 


Lemma 2.2. Let p > 0, then there is a constant c > 0, for if G f3 p 
and \/z G B , the estimate 

(2-3) |/(z)| <cG p (z)\\f\\pp, 

holds, where the function G a has been defined at O- 

Proof. For V/ 6 P r (B n ), since \\j\\p = |/(0) + sup(l - |z| 2 ) p |V/(z)|, 

z£B n 

we have 


|/(°)| < \\f\\pp, and \Vf(z)\ < 


WfWpp 


(l- \z\ 2 y 


but 


f(z) = /(0) + / <z, Vf(tz) > dt. 
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therefore 


|/0)| < |/(0)| + / \z\\Vf{tz)\dt 


< ll/IO p + ll/IO p 

'W dt 


when p — 1, 


If p 0 1, then 


'o (i-M 2 ) p 

1 ^ 1 + 01 


dt < 11/|Op(1 + 


" |z| dt 


I o (1-^0 


1 , 4 , 

< — In -r-nr, therefore 


1 -f 2 2 1 - 0| “ 2 l-\z 

1 , 4 


1/0)1 < (l + jln 


l-OI 


11/10- 


’ lzl dt 


■hi 


dt 


Jo (i-t 2 y j o (i-/)0i 

therefore when 0 < p < 1, notice that 


< 


" |z| dt i-(i-oi) 1_p 


(1 - t)i 


1 — p 


121 dt 1 

<-we get 


(1 -t 2 )p 1 — p 

I/O <(i+0011/11-*" 


and when p > 1 


|z| dt ^l-(l-0|) 1 - p 

(1^)7 < 
i - (i - 0|) p_1 


1 — p 


< 


2 p 


-1 


so 


(p — i)(i — 0I) P_1 0 — i)(i — 0I 2 ) P_1 

1/0)1 < (l + (p_ 1)(1_ | 2 |2)p-l)ll/ll^- 


□ 


Lemma 2.3. Let (j) be a holomorphic self-map of B and a holo- 
morphic function on B, K is an arbitrary point set. Then : 

F(p, q, s ) —> (3 a is compact if and only if for any uniformly bounded 
sequence {ff v }{j G N, u G K) in F(p,q,s ) which converges to zero 
uniformly for u G K and z on any compact subsets of B when j — > oo 7 
IlhtO^/iwIO * h holds. 

Proof. Suppose that is compact and {fj, u } is a uniformly bounded 
sequence in F(p, q, s ) which converges to zero uniformly for u G K and 
z on compact subsets of B when j —> oo. Then {W^,</>(/?>)} has a 
subsequence {W^^f^^)} converges to g G f3 a . And by lemma 2.2, V 
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compact subset M C B, there is a positive constant Cm independent 
of fj. u such that 

\^( z )fjm,u k (H z )) - a ( z )I < c MUf jm , Uk o 0 - slU, 

for all z G M. Therefore {'f(z)fj rntUk ((p(z)) — <7(z)} converges to 0 
uniformly on M. Notice that there is a constant c > 0, such that 
\'f>(z)\ < c, \/z G M, and that is compact in B, we have 

\^( Z )fjm,U k (H Z ))\ < C \fjm,U k {f{ Z ))\ 0, 

uniformly on M. And by the arbitrariness of M, we have g = 0 on 
B. Since it is true for arbitrary subsequence of {fj, u }, we see that 
-> 0 in (3 a , when j —> +oo. 

On the other hand, fixed a point b in K. Suppose {gj :b } C A' r = 
BF(p, q ,s)( 0, r), where B F ^ pq A 0, r) is a ball in F(p, q, s ), then by lemma 
2.2, {g h b\ is uniformly bounded in arbitrary compact subset M of B. 
By Montel’s Lemma, {gj, b } is regular, therefore there is a subsequence 
{ 9jm,b } which converges uniformly to gb G H(B ) on compact subsets of 
B. It follows that V gj m , b —> V gb uniformly on compact subsets of B. 
Denote B^ = B(0 ,1 — A) CC", then 

S B I V ^I P ( X - M -) q g s { z ,a)dv(z) 

= I™ / fl . lim |V^ m , 6 | p (l - |4 2 )V(^o)du(^) 

= . lim / s , I V^- m)6 | p (l - M 2 ) V(A a)du(-)- 

k —>-)-oo m—»+oo 

But C A F( p i9iS) (0, r), then 

/ I V^ m , 6 | p ( 1 - M 2 ) V(*> < r p , 

■JB k 

therefore 

/ |V^| p (l - \z\ 2 ) q g s (z, a)dv(z) < r p . 

J B 

So \\g b \\F(p,q,s) < r, and g b G F(p,q,s). Hence the sequence {g jm , b - g b } 
is such that \\g ]rn ,b — g b \\ < 2r < oo and converges to 0 on compact 
subsets of B, by the hypothesis of this lemma, we have that 

9jm,b O (j) -*■ ipg b O (j) 

in (3 a . Thus the set W^{K r ) is relatively compact, finishing the proof. 

□ 


Lemma 2.4. Let 0 < p < oo, f G H(B n ), then f G /3 p (B n ) if and only 

if 


sup 

u 6 C"-{0} 

zC:B n 


(1-| z\ 2 ) p \Vf(z)u\ 

\J (i — M 2 )M 2 +1 < z,u > 


< Too. 
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Furthermore 


\\f\\p ~ 1/(0)I + su p 


(i-\z\y\vf(z)u\ 


C n -m W~ N 2 )M 2 + I < z , u > 


Z(z:Bn 


Proof. By Bergman metric in [Timlj . there are constants Ai > 0 and 
A 2 > 0, such that 


sup 

ueC"-{o} 


A!\Vf(z)u I 

V (i-M 2 )M 2 +I< 2 ,m>I 2 


< |V/(z)| 


< sup 
«eC n -{o} 


A 2 \Vf(z)u\ 

^(i-pp)H2+|< ZjU >p- 


Let Ci = min{Ai, 1}, C 2 = min{Pl 2 ,1}, we have 


Ci {1/(0) | + sup 

«eC™-{ 0 } 

C 2 {|/(0)|+ sup 

ueC™-{o} 


(i-ld 2 ) p |v/bH 

^/(H*P)M 2 + K*,U >| 2 


} <11/11/* 


(l-PPF|V/( Z )n| ~| 

V ( 1 _ I z l 2 )l n l 2 + I< 2 : >' u >l 2 ' 


This proof is completed. 


□ 


Lemma 2.5. For 0 < p,s < +oo, —n — 1 < q < +oo, q + s > —1, there 
exists c > 0 such that 

(2.4) sup f B |iLTi+.+r t 1 - M 2 ) q 9 s V, a)dv(z) < c, 
for every u> G B . 

Proof. It’s easy to verify that if 0 < x < then — log(l — x) < 4x. If 
we let x = 1 — \(f a (z)\ 2 , then 

(2.5) -log(l - (1 - \<PaV)\ 2 )) < 4(1 - \<Pa(z)\ 2 ), 


or 

g(z,a) < 2(1 - WaV)\ 2 ) 

when \(faV)\ 2 > \- Note tliat 1 - WaV)? = ^ , therefore 

when s > n 


( 2 . 6 ) 


•4<IMdl 2 <i im<l^>| l ^+^ ( 1 " \ z \ 2 ) q 9 s V, a)dv(z) 
< r (l-kP) p (l-hP) 9 2 s (l-|qp) a (l-|z 

— J b<\<Pa(z)\ 2 <l |1—< 2 ,ui>| n + 1 +'J+P|l —<z,a>p s 


= fi< 


(i-M 2 y(i-|2pp2yi-|ap)Ri-|2pp ir / ^ 
2 S (1—|up) p (l—|ap) s (l —|2p) 9 + s ' 


Z<\ V a{z)\ 2 <l |l-<2,ui>| n+1+, 3+P|l-<2,a>p s 

<fs ^- l T<^>r - MV<c, 


dv(z) 


where the last two inequalities follow by theorem 1.4.10 in jRudj and 
the fact that |1— < z,w > \ > 1 — |z|. 
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And if s < n , we choose constants x, x', A satisfying 


max{ 1, 


n 


q + n + 1 


} < x < 


n 


n 


(when s=n, just consider x such that x > max{ 1, g+ ™ +1 }), and let 

. n +1 1 1 

A — q -\- n -\- 1-, —I—t — 1, 

xxx 

then Xx > —1 and (q + s — X)x 1 > —1. Thus by Holder inequality 
(2.7) 

■ 4 <IM*)l a <i “ M 2 ) q g s {z,a)dv(z) 

< r (i-^| 2 y(i-ld 2 d2yi-|a| 2 ) a (i-ld 2 ) s y ? y^ 

— J|<l^b)| 2 <l |1 —< 2 ,U!>| n+1 + 9 + p |l —<z,a>| 2s UL \*J 

< ™ r (i-M 2 ) p (i-M 2 ) A (i—H 2 ) 9+S - A (i—M 2 h , 

— z Jb |1-<2,w>|"+ 1 +9+p |1—<z,a>| 2s uuyz) 

< oils 

< c. 


At the same time 


i|^(z)P<i |i-<l^llK+^ ( 1 - \z\ 2 ) q g s (z,a)dv(z) 


- r (i-M 2 ni-\<pa(u)\ 2 )Hi-\a\2r+ i , a i , ( . 

J |w|<5 |l-<(p a (u),aj>| r, + 1 + 9 +P|l-<u,a >| 2 "+ 2 1U & \u\ UL X U: ) 

- c i|n|<| (i-i<p a («)i 2 )"+yi-<«.“>l 2n+2 logS 
= C J\u\<± |l-<u,a >|" +1 l0gS \t\ dv ( U ) 

^ c Jm<§ d-i4 2 )" +i logS ik dv ^ 

< cf B \og s ±dv(u) < c. 

Combine ra,(E3 ,and (El, we have 

(1 - M y 


( 2 . 8 ) 


sup 

aeB . 


I B |1- < Z,W > I n+l+g+p 


(1 — \z\ 2 ) q g s (z, a)dv(z) < c. 


□ 


Lemma 2.6. There is a constant C > 0 such that for Vf > —1 and 
zeB 


(2.9) 


Sb I log — \l-<Z,l%n+l+* dv H < C(lOgj^y. 


Proof. Denote the right term as I t and let 2A = t + n + 1. By Taylor 
expansion 


I log 


1 


+oo 


\ - < z,w > < w,z > 


1— < z, w > 


U,V =1 


uv 
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|1 — < z,w > 


r(A + k)T(X + /) £ j 

F = g o m\ r(\y <^>< > - 


therefore 


J-OO ~\~ OO 

I, =S B E E httSmT < *■"> > t+ “< >'+“ (1 - 

«,t)=l k,l= 0 

j qq j QQ ^ j ^ 

FEE M<z,w> I 2< “ +1, (1 - M 2 )'A’M 

«=1fc=0 1=0 

without lost of generality, let z — \z\ei, then 

f B | < z,w > |-(“ +fc )(l — |cn| 2 ) t dv(w) 

= j B {\z\wi) 2 ^ u+k \l — \uj\ 2 ydv{w) 

= 2nf 0 1 f gB p 2n ~ l 1 z| 2{u+k) |p61 2{u+k) (1 - p 2 Ydpd6 n (0 
= 2n\z\ 2( ' u+k ' ) p 2 ( u + k + n ~ 1 )+!(i — p 2 ydp J dB |^i| 2 ^“ +fc) (i(5(^) 

_ „ I _12 (u+k) T(u+k+n)r(t+l) (n-l)!(u+fc)! 

1 'I (u+k+n— 1)! 

_ r(H-l)r(u+fc+l)ra! j 

— r(2\+u+k) M ’ 


I qq _i_ oo Uj I k _1 

t sr' y^ r(A+fc)r(A+p r(t+i)r(tt+fc+i)n! i „i 2 (-u+fc) 

uf«+i;-nfc!(!r(A ) 2 rf 2 A+u+jt) M 


it=l /c=0 /—0 

j qq _|_ oo 'Uy 1 k 1 

__ y^ y^ n!r(f+i)r(A+fc)r(tt+fc+i) y^ r(A +i) i. 12 (u+k) 

Z^ Z^ «fc!r(A) 2 r(2A+«+ifc) Z^ ( u +fc-nnH 

u=l fc=0 i=0 

I qq _i_ qo I k _1 

_ y^ y^ nirp—:i.)r(A+A:)r(»w,'+i) y- r(A+z) 1 pfu+fc) 

Z^ Z^ ufe!r(A) 2 r(2A+n+ifc) Z^ (u+k-l)l\ M 

«=lfc=l 1=0 

y-? i/!r(t+i)r(»+i) y-^ 1 r(A+Z) 1 |2u 
-r z^ «r(A)r(2A+u) z^ (u—l)H wl 
u=l /=0 

= /l + / 2 , 

by Stirling formula, there is an absolute constant C\ s.t. 

r (^ + 0^ r/ A-l r(w + k + 1) ^ r( j \ 1—2A 

~K~- C ‘ l ’r( 2 A+P+I) - l( ' ’ 


r(i ; + /' + ' 1) < CVu 1_2 \ hMZ) < C.T- 1 
r(2A + u) k\ 


for all l,u,k> 1, then 


, ^ r3 ^^nW(t + l)k>-\u + k) 


1—2A u +fc-l ^A—1 


«=1 fc=l 


«r(A) 2 


V U|2(n+fc) 

tr («+*-o M 
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Notice that 


r + /A_1 

2 ~ Cl h o 


M -! i(A-l) 

V -- « M a - 2 log M 

^ M-l S 


for any M > 2, then there is constant C, s.t. 

_|_ qo —|—oo 

/, < CEE ’ l!r< ‘* 1) m*r t) ‘~’" (« + *A -2 + 0N 2( ” + ‘> 


w=l k =1 
+oo +oo 


= r' v v n!r (*+ 1 ) fc A iog(n+A:) i | 12(«+fc) 
Z—' ' r(A) 2 (u+fc) A u+fc 


U=1 fc=l 
+oo +oo 


<CE Ei|g| 2, “ +t, = c(io g ^) 2 


/ 2 < C E "“’"mi" ~ « A - 2 log«| Z 


u= 1 
+oo 


= CE 


n!r(t+l) 1 log m i \2u 
r(A) « A +! u M ’ 


then it is clearly that J 2 can be control by (log 1 j_.| 2 )h Therefore we 
are done. □ 

Lemma 2.7. Suppose 0 < p, s < +00 and s + p > n,then 
i) If s > n, then there is a constant C > 0, for Vz e B 

r /. 1 \— 01. l iDfl—Izl 2 \p-n-l . . , . 


SU P Ib ( lo S iqy 2 |) P | | P ' ( li-l ) ,r>|p 9 s (z, a)dv(z) < C\ 

aeB 11 11 


ii) Ifs< n, then if choose x satisfies max {1, < x < ^ 3 ; (if n = s, 

just let x > max {l, ^}), then 

snp f B (log yej^) " s | log | * § a)dv(z) < C. 


Proof, i) Notice that 


(logizd l'°gTrs 
= (i°gck)"l + f- 


<Z,W> K 

k 


SOogT^NE? 

k =1 

= (log ™) -1 log Yq^- < 1 , 
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and when | < \ip a (z)\ 2 < 1 

(l-|z| 2 ) p -"-V(z,g) - 2 S (1 —|z| 2 ) p+s ~ n '~ 1 (l—|g| 2 ) s 2 p+s (l-|z| 2 ) 3 - n - 1 (l-|g| 2 ) 3 

|1— <z,w>\ p — (1—|z| 2 ) p |l —<z,g>| 2s — |1—<z,g>| 2s 

and then bv (l2.6))(j2.8D . we see that i) holds. 

ii) Let A = p — and x' = r 2 -, then Xx > —1 and (p + s — n — 
1 - V > —1 Thus by (2.5) 


Si 


<\>Pa(z)\ 2 <l 


<Z,W> I |1 — <Z,W>\P 


( lo Sl=Fi) § |logi^: 

xg s {z, a)dv(z) 

^ /i<i^h)i 2 <i( log iq^)” s l log T 

— { /b ( lo S mpy) 2 1 lo S 1 —<z,w> I |1— <z,w>\ px 

x{j B (i - | - |2)( 7^:^>- |a|2)s ^ p(.)}^ 

<c, 


(1 - \z\ 2 ) p - n ~ l 


X 


11 2 S (1—|z| 2 ) p+s—71-1 (1 —|g| 2 ) s 

- 33 — 


—<z,w> I |1—<z,ui>| p |l—<z,g>| 


■dv(z) 


1 |2 ( 1 -|*| 2 ) ; 


dv(z)Y 


x 


where the last inequity holds by lemma 2.6 and theorem 1.4.10 in (Rudl . 
At the same time, notice that x > 1, 

Ji^(z)l 2 <! ( lo § i=T^r) I l0 S I “ ( | 1 ~-<Z, Z>\p 9 8 (z, a)dv(z) 

^ J\ Va (z) l 2 <§ ( | 1 ~-S ~>|~P 9 8 { z ,a)dv{z) 

= i| u | 2 <i H-<l!l>|£+ 2 lQ g S l dv( ^ 

— C i|«| 2 <i (l-| Va (l)| 2 ) 7i + 1 |l-<i,i>| 2 ™+ 2 \^ V { U ) 

= C f\ul*<l (1-H 2 )" +1 lQgS n dv ( U ) 

< c Jb 1o S S idv(u) < c. 

□ 


Remark: we can also prove that when s > n, then ftp C 
F(p,q,s), if we use the same method used in Lemma 2.5 and Lemma 

2.7. Therefore, combine lemma 2.1, we conclude that (3 p = F(p, q, s ). 


Lemma 2.8. If : F(p , q, s ) —> f3 a is bounded, then for every 
u> E B satisfies \(f(a>)\ > and every u E C n — {0}, there is a 

function f UiU E F(p , q, s ) suc/i that 

i) 3c > 0, independent of co and u, s.t. \\fuj,u\\F( P ,q,s) < c; 

ii) {fui,u} converges to zero uniformly for u E C n — {0} and z on 
compact subsets of B, when cp(u ;) —> dB; 

in) There is a constant c > 0, for Vu; and u 

( 2 . 10 ) 


l|WW„,„ll«J- > <#(iu) 


(l-|-m| 2 ) a 

q+n+l 

(1—|<^(ui)| 2 ) p 


(l-|</>(tn)| 2 )| J^(w)u\ 2 +\<4>Sw),J^(w)u>\ 
(l — \w\ 2 )\u\ 2 +\<w,u>\ 2 
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holds. 


Proof. First we suppose = r u e i, where r w = |</>(u;)|, e\ is the 

vector 

( 1 , 0 , 0 , - - - , 0 ). 

If \(j)(co)\ > \/2/3 and y/l — |</>(u;)| 2 | J^(u;)-u| < \ < > |. 

Take 

(*i -r w )(l -rl) 


( 2 . 11 ) 

Then 

dfu>M 


fu,A z ) = 


n+l+q 


(l-r^i)“ +1 

n + l + q(zi~ r u )r u 


dzi 


n+l+q 


and 


(1-r^i) " 

dfuj,u(z) 


1 + 


V 


TujZi 


Therefore 

( 2 . 12 ) 


dz k 

|V/^)| = 


= 0, k — 2, ■ • • , n. 


l-r? 


n+l+q 

\l—rujzi\ p 

< (1++ 1 ) 


+i 


i + 


n+l+q (z\ u: 


l—r u zi 


l—rf. 


n + l + q 


+ 1 


|l-r„zi| P 

By Lemma 2.5, / WjU G F(p,q,s), and exists c > 0 independent of ui 
and u, s.t. ||/b iU || < c. or i) holds. 

On the other hand, by D 

l\W^L,ub« > (1 - MT|V(WW^)MI 

1 j =(i-|w|WMv(/ WlU o^)( w )|, 

notice that 

< 0(a>), J0(o;)n >= r^ei 
and use lemma 2.4, we see that 


> c(l - M 2 )“|V’MI 


V/qj,u(<ftQ)) +(<Jj)u 



ei J$(oj)u 

M 1 Irl^h n+l + q 

(1-rS) p + 

+ (l-|w| 2 )l“l 2 +l<w,ii>| 2 


= emu. 


i (±++r 

I n+l+q 

r u (l-rl) p 


<^+J^(+u> 


Vd-MObP+K^I 2 

therefore, by our assumption, we get 

\\w^+ u \+ > c|^(u>)i “-'"ay +i<»(+ .++)->p+ i<^).+(+»>i 

II y,<pju,u\\P _ I VI 2+1+2. Oa-^|2)| u |2 + |< W n>|2 


(l_ r 2) p— \/ (1—0|2)|'u|2 + |<OJ,U>| 

_ +JJ. ,M (1-|H 2 )“ f (l-|0(w)| 2 )l^(«')«| 2 +l<</>(^),^(«')«> 

- m ) \ l (1-M 2 )M 2 +K^>P 


^ 1 
2 ^ 2 
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if x/T — \4>(uj)\ 2 \J ( j } (uj)u\ < | < 4>(ui), J^(u)u > |. Write J$(uj)u = 

(6, • • • , in) T - For j = 2, • • • , n, let 6 3 = arg^ and aj = (if ^ = 0, 
let dj = 0). 

Let 


(2.14) 


fui,u{z) = 


(a 2 z 2 j-j- a n Zn)( 1 ~ rp 3/2 

(1 -r w z 1 ) =d F ta+1 ‘ 


%,,„w _ ( M 7 ±a + i K( i -a 3/2 , , , 

-o- — - „+i+, -( a 2^2 +-1- O-n^n) 

dz 1 (1-r^i)— +2 


df u ,u{z) _ a k {\-rlf/ 2 0 

O n+l+q , ^ Z, * * ‘ 

(1 _ r^zi) p + 

Therefore 

(2-15) 

IV7 -f 7.AI _ I \dfu,,v.{ z )\2 1 | %,„(«) 12 1 i |%,«(z)|2 

- y I 8zi I + \—d^—\ 2 h I dzt 1 _ 

I { n+ l +q +l) 2 rZ{l~rZ) 3 \a 2 Z 2 +-+anZ n \ 2 (n-l)(l-r2) 3 

= V + |1-^ 21 | 2 ^ +1 ) 

, /(n-l)(S ± l ± a + l)2 T .2(l- ? .2) 3 ( k2 |2 + ... + | Zn |2) | (n _ 1)(1 _ rS) 7 


V p +2) _ 

. x/h^d-rS) 3 / 2 / ( n+l±2+l) 2 rS(l^| 2 i| 2 ) , 1 

- n_ r „ Zl |^+i V I 1 - 1 '- 21 ' 2 


0 ,n+l + q . n 


— n+l + q ,T 

\l-ruzi\ p 
/ l—r% 

< c- n + l + c- ( 

|1 — PniZl| P 


1 — 77 , + r, 


2 I ,„2 / n+l+q 


+ TO 


so, by lemma 2.5, we know that f UjU G F(p,q,s), and f UjU satisfies i). 
Next we will extimate llW^/^JIa. 

Since |0(cn)| > a^/ 2/3 and 


'l - |0(n;)| 2 | J^(o;)m| > j < 0(o>), > |, 


we can get 


Then 


W-WWWtf^+lU 1 ) > 161- 


I6I 2 + --- + I^| 2 > x(Kil 2 + "- + l^| 2 ). 
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Therefore 

(2.16) 

|| ,(f> f uj, u ||a ^ c(l 

= c(l — |co’| 2 ) a |'0(c<; 

> c(l — |u;| 2 )"|'0(c<; 

> c(l — |u;| 2 ) a |^(c<; 

> c(l — |a;| 2 )"|'0(ct; 




\ UJ \ ) \y\ lu )\ 

y/(l-\u\ 2 )\u\ 2 +\<U,U>\ 2 


(l-M 2 r(l-rS)^(|g 2 |+-+|$„|) 


n+l + q .. . - - ... - — 

(1 -r 2 ) v yJ (1-|6j| 2 )|«| 2 +|<u;,w>| 2 

(l-|a;| 2 )“(l-r5)^ v /|«2| 2 +- + l?n| 2 
n+l+q / — 

(1—rj) p (i—|a;| 2 )|tx| 2 +|<a;,n > | 2 

(l-^| 2 )^(l-r 2 )V|g 1 | 2 + |g2| 2 + - + |gnl 2 

n+l+q ' — 

(1- + )^^ y/(l-H 2 )\ul 2 + \<UJ,U>l 2 

(1 —l LJ | 2 ) a (l — r S)^ \ Jcf>( u; ) u \ 

n+l + q ~ — 

(1 — r2 ) ^ + (i—| oj| 2 )|u| 2 + |<u;,u > | 2 


> C#MI 


(l-|tu| 2 ) a 

g+n+1 

(l — \<fi(w)\ 2 ) P 


(1-|</>(^)| 2 )| Jj > (w)u\ 2 +\<4>(w),J < i > (w)u>\ 2 
(1— \w\ 2 )\u\ 2 +\<w,u>\ 2 


1 

2 


By our discussion above, for every lu e B satisfies |0(o;)| > \/2/3 
and u G C n — {0}, there is a f UtU G F(p , q, s) satisfies i ) and in). And 
that f u , u has the property Hi) is clearly, since it is very easy to verify 
that for every u and u 


\fu,u(z)\ < C- 


1 — r. 


(i-M 2 ) 


n+l + q 


+ 1 


holds. 

In general situation, or if <f>(u) ^ |0(o;)|ei, we use the unitary trans¬ 
formation U u to make 0( u) = where r u = \(p(u)\. Then 

9uj u = fuj u ° U~ ] is the desired function. 

In fact! by Vg u , u (z) = V(/ W>tt • U^){z) = (V f u ,u){zU- 1 ){U~ 1 ) T and 
| zlJ- 1 ] = 1 2 1, we have 


/ B |V^, u (^)|p(1 - \z\ 2 ) q g s (z, a)dv(z) 

= L\^L,u)(zU-^U-mi - \z\y g °(z,a)dv(z) 
= Jb |V/^(^)|p(1 - \z\ 2 ) q g s (z, a)dv(z), 


where the last equation we use the linear coordinate translation z = 
zU { J 1 and the fact that F(p, q , s) is invariant under mobious translation. 
So 


II ,/L>,ii|| F(p,q,s) || F(p,q,s)- 


Then we can prove the same result by the same way, we omit the 
details here. □ 
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Lemma 2.9. Let 0 < p < 1, then for every f G (3 P and Vz,w G B 
satisfy z = rw for some real number r, 

(2.17) I/M- /Ml < 

Especially when 0 < n+1 p +q < 1, there is a constant c > 0 such that 

(2.18) \f(z)-f(w)\<c ^ F(p ’ q ’ s) \z-w\ 1 - p 

1 — p 

for V/ G F(p, q, s) and z, w as above. 


Proof. Denote F(t) — f(tz + (1 — t)w). Then 

f(z) ~ f(w) =F(1)-F(0) 

= L F'(t)dt 

= el, 

= Jg 1 < V f(tz + (1 — t)w), z — w > dt, 


I f{z) ~f(w )I = I/q 1 < Vf{tz + (l~t)w),z-w > dt\ 

— fo \^f(t z + (1 — t) w )\\ z — w\dt. 

Since / G /3 P , it’s easy to show that 

|V/(z)| < , VzeB. 

1 Wl “ (1 - \z\ 2 )p ~ (1 - \z\)p 

Note that if two numbers a, b, satisfy \a + b\ < 1, |a| < 1 and |6| < 1, 
then |a + b\ + |a| + |6| < 2 and so 1 — [a + b\ > |(1 — |a| — |6|)|. And 
notice that z = rw for some real number r, thus 

\f(z)-f(w)\ < fo (JfJ+tl-^L dt 


O \ / ^ Jo (l-lw+t(z-w)l)P^ 

^ f 1 \\fbp\z~w\ 7, 

— Jo \l-\w\-t\z-m\\f 

If 1 — |it;| — \z — w\ > 0, then 
(2.19) 

\f(z)-f(w)\ < fo 

< M -tiz-wiY 1 ^ |? 

= {(i - M) 1-p - (i - M -\z~ w\y- p }. 

Write (p(x) = t 1_p — b l ~ p — (x — 6) 1_p , x G (6, a), then 

ip\x) = (1 - p)x~ p - (1 -p){x- b)~ p = (1 t—* ) < °> 

x p ( x — b) p 
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since b < x < a. Therefore ip(a) < <p(b) = 0, or a 1 p —b 1 p —(a—b ) 1 p < 
0, if b < a. If we let a — 1 — |iu|, b — \z ■— w\, then 

(1 — |w|) 1_p < \z — w\ L ~ p + (1 — \w\ — \z — u;|) 1_p . 

Combine HUD , we have 

|/( 2 )-/W|<Jht|z- ro | 1 -». 

1 — p 

If 1 — |w| — — xc| <0, then there is a £ G (0,1), s.t. 

1 — \w | — £|z = w\ — 0. 


so 


I/M-/Ml + 

< Mf{(l - |to| - t\z - w|)< 1 ->’) |« +(M + t\z - to|) ( 1_!,) 
|ta|) 1_p + (\w\\z — w | — l) 1_p } 


_ WfWpp m 

<T L JfbAz-™\ 1 ~ P - 


Therefore for all z,w G B, 

l/M - /Ml < 


211/lly 

1 — P 


w 


1 -p 


The second result of this lemma follows quickly by lemma 2.1. □ 


3. The proof of theorem 1.1 


We’ll give the sufficiency first. Suppose that <ra and (11.61) hold. 
(3.1) 

(l r M 2 )“|VWW(o/)| 

= (1 - |o/| 2 )“|'0(o/)V(/ o 0)(u/) + /(0(o/))VV’M| 

< (i - M 2 ) a iv>MV(/ o (/>)(u)\ + (i - M 2 )1/(0M)W>MI 

— Ti + T 2 . 


By lemma 2.4 and (1.2), 

rr / „ „„ (l-|a,|2)«|0( w )||V/((l-|^| 2 ))^H«l 

1 i \ C blip - , - 

uG C n -{o} \/ (i-M 2 )bl 2 +|<^,w>| 2 

(i-|^| 2 ) a |y(cj)| \J (i-|</>(w)| 2 )|J0(w)«| 2 +|<</'(w),j0(tu)M>| 2 

Vd-MbMWK^I 2 


= C SUp -- ' u+i+c 

ugC"-{o} (i-I<My)I 2 ) p 

n+l+q 

(i-|</>(^)| 2 ) p || v/(<K^))WM m I 

\/(iH<H w )l 2 )W™H 2 +l<^MW(' u ')“ > l 

<c sup \ip(u>)\ - — 

«eC"-{o} (i-l^)l 2 ) p 

n+l + q , 

/3 p 


X 


+ 


(1-|</>(w) I 2 ) I J^(w)u\ 2 +\<(f>{w), J^{w)u> I 2 

( 1 —|«)| 2 )| tl | 2 + |< UI ,«>| 2 
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by lemma 2.1 and Q. we have 

Ti < c||/|| ^ 1+1 ±2 • 

On the other hand, by lemma 2.2 and m, 

T 2 < c( 1 - |w| 2 ) q G^ ± 2 ( 0 H)||/|| f(Pi(?iS )|V^H| 

— c ||/ll^n+I+2, 

notice that 
(3.2) 

m,*fm = iV’(o)ii/w(o»i < i/(0(o))i < g s±!±i (^(o))h/ii f(p ,,, s) , 

P 

therefore, we have 


IIWWIIs- <c\\f\\ FM . 

Since the constant c is independent of /, : F(p, q, s ) —> (3 a is 

bounded. 

One the other hand, suppose is bounded, with 


WW^lh. <c\\f\\ F[ „..), 


for all / G F(p, q, s ). It’s very easy to show that the functions fi(z) = 
zi, l — 1, • • • , n and f(z ) = 1 are in F(p, q, s ). Therefore, W^fi and 
W M f must in /3 a too, in an other word, iptpi, l = 1, ■ ■ • ,n and 0 lies 
in /?“. 

(1) If |</>(u ;)| 2 <2/3, then 


(3.3) 


|0M|- 


(i-kl 2 )° 


(i-\(p(w)\ 2 y 


<c|#n)|(l-M 2 ) 


q+n+l 
P 

2\a 


(l-\<t)(w)\ 2 )\J ! i,(w)u\ 2 +\<cf>(w),J c / > (w)u>\ 2 
(1 — |ui| 2 )|n| 2 + |<u),u>| 2 

I^OH 


V(i-I^l 3 )l“l 2 +I<^.“>l 2 


<ci0Mi(i-| W | 2 r{Er=i 


v<h OH 


a/O-OP 


f} 


’\ 2 )\u\ 2 + \<LJ,U>\ 2 ' 

<c(i-k| 2 HEr=il^Hv^M|} 

= c(l - M 2 HEL[|V(0 • 00M - 0/M • V0(cn)|]} 
< c(l - IMHEL i[|V(0 • MMI + |0/M • V0(u/)l]} 
< c E/li 1100*11/3“ + 11^11/3“ 


1 

2 


< c, 


where the last inequality follows by the fact that 0 • = 1 , • • • ,n) 

and 0 ( 2 :) lies in 

(2) If |0(u /)| 2 > 2/3, then by lemma 2.8, for every a; 6 B satisfies 
|0 (cd)1 2 > 2/3 and every u G C n — {0}, exists a function / W)U G F(p, q, s ) 
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such that \\f w ,u\\F(p,q,s) < c, and 


> c\ib(u) 


(i-M a )° 

q+n +1 

(i-|<M^)l 2 ) p 


(l-|0(w)| 2 )| J t/l (w)u\ 2 +\<<f)(w),J' l ,(w)u>\ 2 
(1—|uj| 2 )|'u| 2 + |<U!,M>| 2 


but ||W r ^/ W)U || j 9 a < ||W w ||||/ W)Ti || f -( P)giS ), we get 

Ilf \ I (1 — |ui| 2 )“ 

mv )\— 


(3.4) 


q+n+1 

(i-|<H«OI 2 ) p 


(l-\(f>(w)\ 2 )\J l /,(w)u\ 2 + \<<l>(w),J c i,(w)u>\ 2 
(1 —|ui| 2 )|u| 2 + |<«),u>| 2 


< c. 


By (13.31) and (E3D, we know that ra holds. 

If 0 < n+ p +q < 1, it’s obviously that (II .31) holds, since 0 lies in f3 a . 
By the previous discussion, we can suppose that (p(co) = r u e 

'jfn+i+2 ltk 

p ’ 


fM) = 


1—r 2 

' U) _ 

n+l + q 
(1-TujZl) P 


then 


and 


dfw(z) 

dzi 


n+l + q r w (l-r 2 ) 


P 


(1 - r^Zi) 


n+l+q . ^ 
P 



0, k = 2, ■ • • , n. 


so, by lemma 2.5, f u G F(p, g, s), and 


||/«;||.F(p,g,s) < C j 


for every u in B. Therefore 

(1 - |a;| 2 )“|VV’M|G'n^ ±2 (0M) = 

(3.5) = (1 - k| 2 ) Q |V^M||/^(0(a;))| 

< (i - M 2 ) Q {|V(V> ■ U ° + hK w )v(/ w o 0)(w)|} 

< + (1 - M 2 )“|0HV(/. O 0)(a;)|, 

since is bounded, we have 

11 11/3“ ^ c|| /b || F(p,q,s) — C. 
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And by lemma 2.4, G3D and our assumption 

(! - M 2 )“l^(w)V(/ u o 0)(o;)| 

< ( 1 HH 2 ribMllv/A^(‘d)) o A(‘AM 

„ G <C"\{o} V( 1 -l-’l 2 )l“l 2 +K“’“>l 2 

^ „ »+i+g mi „ l/.o ,m (i-M 2 ) a yi<^),J 0 H «>| 2 

A c Slip IvT^-dl ™+i+ij /— —;—prr]—o—r- - 

P «gC"\{o} (i-t-2) p vd-M 2 )M 2 +l< w > u >r 

„„„ L/,0 ,M (1~M 2 )“ f (1 -|</>(iu)| 2 )|J^(w)u| 2 +|<^(w),J^(w)u>| 2 ) 2 

— c SU P -fPTT -(l-lwPlIuP+ku; w>l 2 - I 

„ 6 C"-{0} (1 —|0(ru)| 2 ) p I 1 11 >m +l< ’ ) 

io(zB n 

< C. 


If n+1+q = 1 and s > n for every u G B ,take 


then 


and 


L W = (log 
dUz) -[}0 gj 


1 — r 

i 

1 


-l 


( log r 


T u Zi 




-1 


log 


1 - r^zi 1 - ry,Zi' 


dfw{z) 

dz. 


= 0 , 1 — 2 , 


, n. 


Therefore 


\VL(z)\ = (log —I log 


\-rlJ 1 1 - r^Zx |1 - r w zi| " 

so, by lemma 2.7, / w G F(p, q, s ), and there is a constant c, s.t. 

||/uj||f(p,<2,s) ^ C j 

for every a; G B. By the same calculation the above discussion, 

(i-H 2 )“|v^)|i ogT ^ 

= (l-|u;| 2 )“|V^(a;)||/.(0(a;))l 

< HW^/wll/ja + (1 - |w| 2 )“|'0(w)V(/ w O 0)(u;)| 

<c||/ w |Up, s) + c sup a-in 2 rihMI|v/A0H)oAM»l 

_ UJuUHpas) ugC n^ {0} ^(l-nZ)\u\* + \<^U>\* 

(, ,M (l-|a;| 2 )“(l-r£ _1 ) \/l<<M‘AA>( t d u> l 2 

A)| n _„2 in — A + 1 1 m i .I 2 M..I 2 i . ... 


(l-r2)(l-r£ +1 ) yj (1 —|cj| 2 )|u| 2 +|<a),«>| 2 


= C + sup | 

P ueC"-{0} 

<C + C BUP / 7 '| 

uG C n -{o} “ v ( 1 _ kr)l u l 2 +l <a, i u> r 

- , I,/ \ | (l-k| 2 )“ y/ (l-|0(«i)| 2 )| J,#,(w)«| 2 +|<<Kw),J^(w)u>| 2 

sc + c sup i_ r 2- I | 2 '| l2 , 1^. -- 

ue C n -{o} “ v( 1 _ l“l)l n l +!<“’“>! 

< c. 
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Notice that fj G (3 a , so we have 


(! - H )“| V , 0(a;)| log 


1 — r 2 


< oo 


or 


(1- MT|V?Ku;)|Gi(0(u;)) < oo 


when s < n, just take 

L(z) = (log 


2 

px 


log- 


1 - r 2 / V 1 - r u zi 


i+- 


where x is defined in lemma 2.7, then use lemma 2.7 and by the same 
proof as the case s > n, we can proof the same result. 

Now the proof of Theorem 1 is completed. 

4. the Proof of Theorem 1.2 

If is bounded and m holds, fj is a sequence in F(p, q, s ) 
which converges to zero uniformly on compact subsets of B and 

||/?||f(p,<2,.s) 5; 1 


for every j G N. Ve > 0, suppose 5 = e 1 p , there is a k 0 G N, for 
k > k 0 , and Ww G B^s = {z : \z\ < 1 — 5} have 

1/fcHI < £ - 

One the other hand, by lemma 2.9, if w = rz for some real number r, 
\z — w\ < 25 and 1 — |w| < 5, 


(4.1) 


| f ( \ f ( \\ ^ II fk ||F(p,g,s) | 1 _n±l±9 

\fk\z) ~ fk{w)\ < C --- L \Z -W\ p < C£ 


P 


holds for every k G N. For every w G B \ Bis or in a other word, 
1 — 5 < |w| < 1, we can always find a point z w G B^s s.t. w = rz for 
some real number r and \z — w\ < 25, then if k > 

\fk(w)\ < | f k (w) - fk{z w )| + \ fk{z w )\ < ce + e < ce. 

Then, Ve > 0, there is a ko > 0, s.t. for all z G B and k > k 0 , 
\fk(z)\ < £ holds. So, the sequence {fj} converges to zero uniformly 
on B. 

Since m holds, therefore, there is a 5 > 0, such that if \ — \<f{u)\ > 5 


(4.2) 

sup |^(iu)|- ll-l * l| T,si 

«eC n \{o} (l—10(^)| 2 ) p 


(l-\<p(w)\ 2 )\J c i,(w)u\ 2 + \<4>(w),Jj,(w)u>\ 
(1 —| ui |' ! )| u | 2 + |<'! U , U >| 2 


1 

2 'l 2 


< £. 
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So, when 1 — |0(u;)| > S, 

(4.3) 

(l-\u\ 2 r\VW^f k (u)\ 

< (i - \uj\ 2 ) a \V'ip(u)f k ((p(uj))\ + (1 - M 2 )“ 

< 11^11/3“ |/fc(0H)| + c SU P (!-k| 2 )“|V’( 

u£ C {0} 


u 


(w)V(/fcO0)(w)| 

jV/ fc (<MA>)W(AH 


< ce + C sup --s+T+? 

ue C n -{o} (i-W«)l a ) p 


yj (l-M 2 )M 2 + |<a;,«>| 2 

(1—|gj| 2 ) c ‘|V>(aj)| \/U-Mw)\ 2 )\Jt(. w )u\ 2 +\<H w )’J<l>(. w )u>\ 

V (l-\u\ 2 )\u\ 2 +\<u,u>\ 2 


X 


n+l+g 


\/(lH#^)| 2 )IA>(™H 2 + l<0(™)W(' U ')' U> | 2 

< CE + 


(l-\w\ 2 ) a 

q + n + 1 


C sup |'0(u;)| 
ue C n -{o} (i-l<h»l 2 )“ 

X Il/Il-F(p,<?,s) 

< ce. 


(1-|</>(w)| 2 )| J^(w)m| 2 +|<</>(w),J,/,(w)m>| 
(1 — \w | 2 ) | u \ 2 +1 <w ,u> | 2 


^ 1 
2 ^ 2 


When |0(o;)| < 5, let E = {a; : \u> < <5|}, then E is compact and 
{w£5: 4>{uj) < 5} C E. Therefore 
(4.4) 

{l-\u\ 2 Y\WW^h{u)\ 

< (! - l<u| 2 ) Q | Vi/^(a;)/fc(0(a;))| + (1 - \u\ 2 ) a \^(u ;)V(/ fc o 0)(w)| 

< (1 - |^| 2 ) a |V'0(n;)/fc(0(a;))| + (1 - |cn| 2 ) Q |'0(a;)V/fc(0(a;))|| J 0 (a;)| 

< ^||/3“|/fe(0H)| + EHidl^ll^ + IHI/3“)IWfc(0M)| 

< ce. 


where the last inequality follows by the fact that the sequence {Vfk} 
converges to zero uniformity on E. 

Therefore (1 — |u;| 2 )“|VW^/fc(u;)| converges to zero uniformly on B. 
Notice that {/jt (0)} converges to zero, and so we have 


as \(j>(w)\ —> 0. 

On the other hand, if is compact, then clearly that is 

bounded and by lemma 2.8 and lemma 2.3, it is easy to know that 
(HD holds. And so we are done. 


5. The proof of theorem f.3 

Just as the proof of theorem 2, if is bounded and (hd (Em 
hold, fj is a sequence in F(p, q, s ) which converges to zero uniformly 
on compact subsets of B and \\fj\\F(p,q,s) A 1 for every j G N, then by 
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the same discussion as lemma 2.8, we have 

(5.1) 

(l-|of)«|VHV*/,H| 

= (i - kl 2 )“|V i (w)v(/, <>0)(w) + /jWH)vv , (w) 


(l-M 8 )* 


q+n+1 

(i-l3(i")l 2 ) p 


(l-\cj)(w)\ 2 )\J c / 1 (w)u\ 2 +\<<l>(w),J^(w)u>\ 2 \ 2 
(1—|i«| 2 )|u| 2 +|<ui,u>| 2 


< C sup |?K a; )l 

«eC"-{o} 

^ ll/jllE(p,g,s) + c(l |a;| ) Gn+i+g (0(a;)) | V'0(cu) 111 /j||_F(p,g,s) 

V 

<C SUP |V>MI- (1 ~ |w|2 ! + n+l 

ue C n -{ 0 } (M</>HI 2 ) p 
c(l — |c < ;| 2 l Q V?/’fa;l|G , n+i+q fd)fa;))[. 


x 


(1- \<p(w) I 2 ) I Jj,(w)u| 2 + | <(f>(w), I 2 

( 1 —| iu | 2 )|«| 2 + |< ui ,«>| 2 


' + 


Therefore, Ve > 0, there is a 5 > 0, for Vj G N and 1 — |</>(u;)| < 5, 

(5.2) (1-| W | 2 )“|V1T^/,M|<c £ 

follows. 

And when 1 — |0(u;)| < S, by the same discussion as the proof of 
Theorem 2, we know that there is a k 0 G N, s.t. when j > k 0 have 


(5.3) 


(1 - MTIVW^/jMI < re. 


Combine (El and (15.31) . and notice that {/fc(0)} converges to zero, 
we have 

WW^rffkWpv —> 0, 

as |0(u;)| —> 1, therefore by lemma 3, is compact. 

If is compact, then is bounded, and by lemma 2.8 and 

lemma 2.3, it’s clearly that (11.91) hold. 


If n+1+q — 1, s > n, and \r^\ > f, let 


(5.4) 


fw = log 


-1 


log 


1 - r u Zi 


by the proof of theorem 1, G F(p,q,s), and 3 C > 0, such that 
||/u||f(p, 9 ,s) < C. And it is clearly that / w converges to zero uniformly 
on compact subsets of B by the same discussion as the proof of theorem 
1.1 and use lemma 2.1,we have 
(5.5) 

(i-| w | 2 )“|v^H||/^H)| 

= (i - M 2 )“|v^M| log^ 

< cWw^fuWp* 

+csup„ 6 C"-{ 0 } -’ 
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but by lemma 2.3 and (USD, we get 

(i-M 2 )”|v</>M|i° g —!-j- 

1 ~ r i 

as |0(u;)| —> 1. Notice that (HU holds, so 

(i - M 2 ) a |vv»M| -»• o, |0H| 


o, 


i. 


And then (1 — |cn|-) a | log 

When n+l p +q — 1, s < n, just take 


0 ( \(/>(uj)\ -> 1 .) 


/«(*) = ( log 


2 

px 


log- 


1+^- 

1 


r<jZ 1 - 


where x is the one used in lemma2.6. The same discussion as the case 
s > n gives the same result,and we omit it here. 


!f ^±2 > just let 


/« = 


1 - r '" 


n+l+<? 


/ -1 \ ' ' ~ 1 ^ +1 
(1 - r u Z!) p 

and use the same method as the situation of n+1+q < 1 we can also 

p ’ 

prove that (11.101) holds. So, the proof of theorem 1.3 is completed. 
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